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Abstract
High energy neutrino bremsstrahlung ν → ν + γ in a strong magnetic field
(B ≫ B
s
) is studied in the framework of the Standard Model (SM). A resonance
probability and a four-vector of the neutrino energy and momentum loss are
presented. A manifestation of the neutrino bremsstrahlung in astrophysical
cataclysm of type of a supernova explosion or a merger of neutron stars, such
as an possible origin of cosmological γ-burst is discussed.
Neutrino physics in media is a vigorously growing and
prospective line of investigation at the junction of particle
physics, astrophysics and cosmology. Substance is usu-
ally considered as the medium. We stress that a strong
magnetic field can play role of the active medium. It
will suffice to mention that the magnetic field can in-
fluence substantially on neutrino electromagnetic prop-
erties (an anomalous magnetic moment [1], neutrino os-
cillations [2], a magnetic catalysis of the radiative de-
cay [3]). The investigations of this sort are, in our opin-
ion, of principal interest in astrophysics where gigantic
neutrino fluxes and strong magnetic fields (B > Bs,
Bs = m
2
e/e ≃ 0.44 · 1014G is the critical, so called,
Schwinger value) can take place simultaneously (a pro-
cess of a coalescence of neutron stars, an explosion of a
supernova). Notice that the magnetic fields at the mo-
ment of cataclysm can occur much more than the typical,
so called, ”old” magnetic fields of order of Bs which have
been observed at the surface of pulsars. By now astro-
physical knowledge of strong magnetic fields which can
be realized in the nature have changed essentially. For
example, the field strengths inside the astrophysical ob-
jects in principle could be as high as 1015 − 1018G, both
for toroidal [4] and for poloidal [5] fields. On the other
hand, in such strong magnetic fields otherwise negligible
processes are not only opened kinematically but become
substantial ones as well.
In our paper [3] we have studied the massive neutrino
radiative decay ν → ν′ + γ [6] in external electromag-
netic fields of various configurations, in particular, in the
strong magnetic field. It was shown that a field-induced
amplitude was not suppressed by smallness of neutrino
masses and did not vanish even in the case of massless
neutrino as opposed to the vacuum amplitude. The de-
cay probability of the neutrino with energy Eν < 2me
was calculated on the assumption that photon dispersion
relation was close to the vacuum one q2 = 0.
However the photon dispersion in the strong magnetic
field differs significantly from the vacuum dispersion with
increasing photon energy [7–9], so the real photon 4-
momentum can appear as a space-like and sufficiently
large one (|q2| ≫ m2ν). In this case the phase space for
neutrino transition ν → ν′ + γ with m < m′ is opened
also. It means that the decay probability of ultrarela-
tivistic neutrino ν → ν′ + γ becomes insensitive to the
neutrino mass spectrum due to the photon dispersion re-
lation in the strong magnetic field. This phenomenon re-
sults in a strong suppression (∼ m2ν/E2ν) of the neutrino
transition with flavour violation and a diagonal process
νl → νl + γ (l = e, µ, τ) is realized only. Thus this di-
agonal radiative neutrino transition manifests itself as
neutrino bremsstrahlung, does not contain uncertainties
associated with a possible mixing in the lepton sector of
the SM and can lead to observable physical effects in the
strong magnetic fields B ≫ Bs.
In this paper we study the high energy neutrino
bremsstrahlung in the strong constant magnetic field in
the framework of the SM. The field-induced ννγ-vertex
can be calculated using an effective four-fermion weak
interaction of the left neutrino with the electron only be-
cause the electron is the most sensitive fermion to the
external field. By this means diagrams describing this
process are reduced to an effective diagram with the elec-
tron in the loop (Fig.1)
✬
✫
✩
✪
✛
✚
✘
✙① ✉
◗
◗
◗s
◗
◗
✑
✑
✑✰
✑
✑
◗
✑
✑
◗
ν(p)
ν(p′)
e
e
γ(q)
✂✁
✄ 
✂✁
✄ 
✂✁
✄ 
✂✁
✄ 
✂✁
✄ 
FIG. 1.
where double lines imply that the influence of the exter-
nal field in propagators is taken into account exactly.
The calculation technique of this type loop diagram
was described in detail in our paper [3]. The gen-
eral expression for the ννγ-vertex has a cumbersome
form and will be published elsewhere. We note that
it is enhanced substantially in the vicinity of the, so
called, photon cyclotronic frequencies similar to a vac-
uum polarization (the cyclotronic resonance in the vac-
uum polarization [10]). Here we present the amplitude
of the high energy neutrino (Eν ≫ me) bremsstrahlung
νl(p)→ νl(p′) + γ(q) in the case when the field strength
is the greatest parameter eB > E2ν . We stress that two
eigenmodes of the photon propagation with polarization
vectors
ε(‖)µ =
(qϕ)µ√
q2⊥
; ε(⊥)µ =
(qϕ˜)µ√
q2‖
(1)
are realized in the magnetic field (the, so called, paral-
lel (‖) and perpendicular (⊥) polarizations according to
Adler’s notations in the paper [7]). Here ϕαβ = Fαβ/B
and ϕ˜αβ =
1
2εαβµνϕµν are the dimensionless tensor
and dual tensor of the external magnetic field with the
strength ~B = (0, 0, B); q2‖ = (qϕ˜ϕ˜q) = qαϕ˜αβ ϕ˜βµqµ =
q20 − q23 , q2⊥ = (qϕϕq) = q21 + q22 . With (1) the ampli-
tude M = M‖ +M⊥ is significantly simplified and can
be presented in the form:
M‖ ≃ −
eGF√
2
gvV‖
(qϕj)√
q2⊥
(2)
M⊥ ≃ −eGF√
2
1√
q2‖
{gvV⊥(qϕ˜j) + gaA(qϕϕj)} ,
where M‖ and M⊥ correspond to the creation of the ‖
and ⊥ photon modes, respectively. Here e > 0 is the
elementary charge; GF is the Fermi constant, gv and ga
are the vector and axial-vector ν − e coupling constants
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in the SM, respectively; jα = 2ν¯L(p
′)γανL(p) is the left
neutrino current, V‖, V⊥ and A are the scalar functions
of q2‖, q
2
⊥ and eB. Notice that V‖ and V⊥ are the known
functions (see, for example, [10]) since the field-induced
vacuum polarization is described in terms of these func-
tions, namely:
Pλ = e2π(q2) + e2 Vλ, λ =‖,⊥, (3)
where π(q2) is the well-known vacuum polarization with-
out an external field (q2 = q2‖ − q2⊥). As for the function
A the result of our calculations is:
A =
1
4π2
q2‖ + q
2
⊥
q2⊥
[
i
1∫
0
du
∞∫
0
dt e−iΦ
×
(
m2e −
q2‖ · q2
q2‖ + q
2
⊥
1− u2
4
)
− eB
]
, (4)
Φ =
1
eB
[
t
(
m2e − q2‖
1− u2
4
)
+ q2⊥
cosut− cos t
2 sin t
]
,
The important properties of functions Vλ and A are that
they are singular with respect to the variable q2‖ in the
threshold points (q2‖)thr = E2nm, labelled by n, m:
E2nm =
(√
m2e + 2eBn+
√
m2e + 2eBm
)2
, (5)
where Enm has the simple physical meaning as transversal
energy of an electron-positron pair in the magnetic field.
It is of interest for some astrophysical applications
the case of relatively high neutrino energy Eν ≃ 10 −
20MeV ≫ me and strong magnetic field eB > E2ν when
a region of the cyclotronic resonance on the ground Lan-
dau level dominates in this process. The functions V⊥ [10]
and A are easily calculated in this region:
A ≃ −V⊥ ≃ eB me e
−q2
⊥
/2eB
2π
√
4m2e − q2‖
. (6)
As it is seen from (6) the amplitudeM⊥ (2) contains the
enhancement due to the square-root singularity which is
connected with the cyclotronic resonance on the ground
Landau level (q2‖ → 4m2e). As for V‖, it has not such
an enhancement and the dispersion relation for ‖ pho-
ton mode is close to the vacuum one. So, the amplitude
M‖ ∼ (qϕj) ∼ q2 is small due to collinear kinematics of
the process with creation of ‖ photon mode. The square-
root singularities on higher Landau levels are not realized
under the condition eB > E2ν . We note that not only
function A has singular behaviour in the vicinity of the
threshold point q2‖ = 4m
2
e, but the vacuum polarization
P⊥ (3) as well. This means that many-loops quantum
corrections are of great importance in the vicinity of the
resonance. As analys shows taking account of these ra-
diative corrections reduces to the renormalization of the
⊥ photon mode wave function:
ε(⊥)µ →
√
Z ε(⊥)µ , Z =
(
1− ∂P⊥
∂q2‖
)−1
, (7)
and leads to an additional factor
√
Z in the amplitude
M⊥ (2).
The probability of the neutrino bremstrahlung ν → νγ
can be obtained by integration over the phase space with
taking account of the photon q2 −P⊥ = 0 in the vicinity
of the resonance:
4m2e − q2‖ ≃ α2
(
2eB
q2⊥
)2
m2e ≪ q2⊥.
This leads to the dependence of photon energy on the
photon momentum q0 ≃
√
q23 + 4m
2
e (the photon created
can move only along the magnetic field with the velocity
v = dq0/dq3 ≃ q3/
√
q23 + 4m
2
e ). The main contribution
to the probability is determined from the vicinity of the
resonance point q2‖ = 4m
2
e and can be presented in the
form:
W ≃ αG
2
F
8π2
(g2v + g
2
a)(eB)
2Eν sin
2 θ F (λ), (8)
F (λ) = 1− λ
2
+
λ2
3
− 5λ
3
24
+
7λ4
60
+O(λ5),
λ =
E2ν sin
2 θ
eB
< 1,
where θ is the angle between the vectors of the magnetic
field strength ~B and the momentum of the initial neutrino
~p.
We stress the principal importance of taking account of
the photon wave function renormalization (7). If one ig-
nored this factor the decay probability would be strongly
overstated:
W ≃
(
1
α
)(
5G2Fm
5
e
256π2
)
(g2v + g
2
a)
(
Eν
me
)7
sin8 θ. (9)
It is of more practical importance for some astrophys-
ical applications to calculate the four-vector of the neu-
trino energy and momentum loss in the process of the
neutrino bremsstrahlung:
Qµ = Eν
∫
dW · qµ. (10)
The physical meaning of this vector is that Q0/Eν is
the mean energy loss in a unit time and ~Q/Eν is the
momentum loss in a unit time. We have obtained the
expression for the vector Qµ:
Qµ =
1
4
EνW
(
F1(λ)(pΛ˜)µ − 2F2(λ)(pΛ)µ
− 2gvga
g2v + g
2
a
F1(λ)(pϕ˜)µ
)
, (11)
F1(λ) = 1− 2λ
3
+
5λ2
12
− 7λ
3
30
+
7λ4
60
+O(λ5),
F2(λ) = 1− λ+ 5λ
2
6
− 7λ
3
12
+
7λ4
20
+O(λ5).
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To illustrate the applications of the results we have ob-
tained we estimate below possible effects of the neutrino
bremsstrahlung in astrophysical cataclysm of type of a
supernova explosion or a merger of neutron stars under
the condition that a compact remnant has for some rea-
sons extremely strong magnetic field, B ≃ 1016 − 1018G.
We assume that neutrinos of all species with the typical
mean energy E¯ν ≃ 20MeV are radiated from a surface
of a neutrinosphere in such a process. Using (11) we
estimate the neutrino energy loss:
E ≃ 1050
( Etot
1053erg
)(
B
1017G
)2
(12)
×
(
E¯ν
20MeV
)(
R
10km
)
erg,
where Etot ≃ 1053 erg is the total neutrino radiation
energy [11]; B is the magnetic field strength in the
vicinity of the neutrinosphere of radius R. Neutrino
bremsstrahlung γ-quanta are captured by a strong mag-
netic field and propagate along the field [10]. Thus the
mechanism of significant power ”pumping” of polar caps
of a magnetized remnant can take place. This phe-
nomenon can result in reemission within a narrow cone
Ω/4π ≪ 1 along the magnetic moment of the remnant.
So, if an external absorbing envelope is absent in such an
extraordinary astrophysical cataclysm (very strong mag-
netic fields, gigantic neutrino fluxes) the reemission pro-
cess will be an observable effect. Namely, such a reemis-
sion in the magnetic field could appear as an anisotropic
γ-burst with the duration of order of the neutrino emis-
sion time and of the typical energy Eburst4pi ∼ 1051 erg in
terms of 4π-geometry.
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